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Abstract
A subspace Y of a topological space X has the countable chain condition in X if every pairwise
disjoint collection of open sets in X, each of which meets Y , is countable. Relative versions of other
chain conditions and calibres are defined similarly. Relative versions of a number of theorems on
chain conditions are considered. In many cases we find that the relative version of the “absolute”
theorem is not true.
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1. Introduction
The study of relative topological properties asks how a given subspace Y of a
topological space X is located in X. Arhangel’skii’s survey article [1] considers a variety
of relative topological properties, principally relative separation axioms and relative
compactness type properties, while another paper [2] deals with a number of relative
cardinal invariants.
In this paper, we consider relative chain conditions. We define relative versions of cali-
bres and of density, and consider a number of theorems regarding “absolute” calibres and
density. We will find that in many cases the relative versions of these theorems are not true.
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Definition 1. Let κ , λ and µ be cardinals, X a topological space, and Y a subspace of
X. Then Y has calibre (κ,λ,µ) in X if for every family {Uα | α ∈ κ } of open sets in
X with Uα ∩ Y = ∅ for every α ∈ κ , there is a Γ ∈ [κ]λ such that for every Λ ∈ [Γ ]µ,⋂
α∈ΛUα = ∅.
We say that Y has calibre (κ,λ) in X if it has calibre (κ,λ,λ) in X, and calibre κ in X
if it has calibre (κ, κ) in X. Observe that Y has calibre κ in X if and only if every point-<κ
family of open sets in X, each of which meets Y , has cardinality less than κ .
We say that Y is ccc in X if it has calibre (ω1,2) in X, or equivalently if every pairwise
disjoint collection of open sets in X, each of which meets Y , is countable.
Definition 2. Let κ and λ be cardinals and Y a subspace of the topological space X. Then
Y has precalibre (κ,λ) in X if every family of κ many open sets in X, each of which
meets Y , has a subfamily of size λ with the finite intersection property (in other words, the
property that any finite subcollection has non-empty intersection). Y has precalibre κ in X
if it has precalibre (κ, κ) in X.
Definition 3. Let Y be a subspace of the topological space X. The density of Y in X,
d(Y,X), the character of Y in X, χ(Y,X), and the cellularity of Y in X, c(Y,X), are
defined by
d(Y,X)= ω+min{|D|: D ⊆X,Y ⊆DX},
χ(x,X)=min{|U |: U is a local base at x},
χ(Y,X)= ω+ sup{χ(y,X): y ∈ Y},
c(Y,X)= ω+ sup{|U |: U is a disjoint family of open sets meeting Y}.
We say that Y is separable in X if d(Y,X)= ω, and first countable in X if χ(Y,X)= ω.
Definition 4. Let Y be a subspace of X. We say that Y is second countable in X if there
is a countable family B of open sets in X such that if y ∈ Y and y ∈ U for some U open
in X, then there is some B ∈ B with y ∈ B ⊆U . We say that Y is developable in X if there
is a sequence (Gn)n∈ω of open covers of X such that
(1) if y ∈ Y and y ∈ U for some U open in X, then there is some n ∈ ω such that
st(y,Gn)⊆U ; and
(2) if x ∈X and x ∈U for some U open in X, then there is some n ∈ ω and some G ∈ Gn
such that x ∈G⊆U .
If there is a sequence (Gn)n∈ω of open covers of X satisfying (1), we say that Y is weakly
developable in X.
Definition 5. Let Y be a subspace of X. We say that Y is metrisable in X if there is a
metric d on X such that for each y ∈ Y the sets {x ∈X: d(y, x) < ε} for ε > 0 are open in
X and form a local basis at y . (We say that such a d is a metric on X which generates the
topology on Y .)
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In Section 2 we explore the relative strengths of the relative chain conditions. In contrast
to the result that ccc implies calibre (ω1, n) for all n ∈ ω, we give, for every 1 < n< ω, an
example of a pair (X,Y ) such that Y has calibre (ω1, n) in X but not calibre (ω1, n+ 1).
Indeed, in our example Y has calibre (ω1,ω1, n) in X. We also explore the question of
whether precalibre ω1 implies calibre ω1, which holds for compact spaces but which is
consistent and independent in general. We show that if Y has precalibre ω1 in a compact
Hausdorff space X, then Y has calibre ω1 in X. However, we give a ZFC example to
show that this does not hold if we weaken the hypothesis to Y being compact. Finally, we
explore the effects of relative developability and metrisability. If Y is metrisable in X then
all the chain conditions are equivalent, although it is not enough to only assume that Y is
metrisable.
In Section 3 we explore the behaviour of relative chain conditions in products: in
contrast to the result that it is consistent and independent that the countable chain condition
is preserved by products, we will give a ZFC example of a pair (X,Y ) such that Y is ccc
in X but Y 2 is not ccc in X2. Indeed, our example will have stronger properties: X is first
countable and Y is compact and has calibre (ω1,ω) in X. We can modify the example to
make X a zero-dimensional Moore space such that Y has calibre (ω1,ω) in X but Y 2 is
not ccc in X2.
In Section 4 we investigate the relationships between relative calibres and separability.
In ZFC, all compact Hausdorff first countable spaces with calibre ω1 are separable, and it is
consistent and independent that calibre ω1 implies separability for arbitrary first countable
Hausdorff spaces. In contrast with this, we will give a ZFC example of a pair (X,Y ) such
that X is first countable and Hausdorff, Y is compact and has calibre ω1 in X, but Y is not
separable in X. On the other hand, we will show that if X is compact Hausdorff and first
countable, and Y has calibre ω1 in X, then Y is separable in X.
Finally, in Section 5, we investigate the relationships between relative calibres and
cardinality. We show that if Y has small character and cellularity in a Hausdorff space X,
then this property is reflected in a small space Z with Y ⊆Z ⊆X. This enables us to give a
new proof of the relative version of Arhangel’skii’s result that ccc first countable Hausdorff
spaces have cardinality at most c.
2. Differentiating relative calibres
In this section we will consider the relative version of the following results:
Proposition 6. The countable chain condition (that is, calibre (ω1,2)), implies calibre
(ω1, n) for all n ∈ ω. However, there are ccc spaces without calibre (ω1,ω).
Proposition 7. If X is a compact space with precalibre ω1 then X has calibre ω1.
Theorem 8. It is consistent and independent that there exists a ccc space X such that X
does not have precalibre ω1.
206 P. Gartside et al. / Topology and its Applications 132 (2003) 203–219
We will see that the relative version of the first of these is false: we can distinguish between
relative calibre (ω1, n) and relative calibre (ω1, n+ 1): indeed, we can find pairs (X,Y ) so
that Y has calibre (ω1,ω1, n) in X and still fails to have calibre (ω1, n+ 1) in X. We will
also see that we can distinguish relative ccc from relative precalibre ω1 in ZFC. Finally we
will see that if X is compact and Y has precalibre ω1 in X then Y has calibre ω1 in X, but
we will give an example of a pair (X,Y ) so that Y is compact and has precalibre ω1 in X
but does not have calibre ω1 in X.
Example 9. There is a pair (X,Y ) such that X is Hausdorff, first countable, Y is compact
and has calibre (ω1,ω1, n) in X, but fails to have calibre (ω1, n+ 1) in X.
Proof. Let I, J be distinct copies of the closed unit interval [0,1], and let X = J ⊕ In. Let
Y = J ⊕ {(y, . . . , y): y ∈ I}.
TopologiseX as follows. Let the points of X \Y be isolated. For each y ∈ I , let the mth
basic open neighbourhood about (y, . . . , y) ∈ Y ∩ In be Vy,m, where
Wy =
{
(y1, . . . , yn) ∈ In: yi = y for some i ∈ {1, . . . , n}
}
,
By,m =
{
(y1, . . . , yn) ∈ In: |yi − y|< 2−m for all i ∈ {1, . . . , n}
}
,
Vy,m =Wy ∩By,m.
Let Bm(x) denote the mth Euclidean neighbourhood of x ∈ J . The kth neighbourhood of
x ∈ J is given by:
Bk(x)⊕
⋃
y∈Bk(x)\{x}
Vy,m(k,y),
where m=m(k,y) is minimal such that Bm(y)⊆ Bk(x) \ {x}.
With this topology, X is a first countable, Hausdorff space. Note that Y is homeomor-
phic to the Alexandroff duplicate of J (see [11, p. 697]), so it follows that Y is compact.
Y has calibre (ω1,ω1, n) in X. Let U be an uncountable collection of open sets in
X, each of which meets Y . Shrinking these sets if necessary, and using the pigeonhole
principle, we can assume that U = {Vyα,k: α ∈ Λ}, for some fixed k ∈ ω, where each
yα is in some interval K of I of length 2−k . Then for α1, . . . , αn ∈ Λ, we have that
(α1, . . . , αn) ∈⋂ni=1 Vαi,k . Thus Y has calibre (ω1,ω1, n) in X.
Y does not have calibre (ω1, n + 1) in X. The collection U = {Vy,0: y ∈ I } is an
uncountable point-n family of open sets in X, each of which meets Y . ✷
The question remains open as to whether there is an example as above except with X
compact (or under the weaker assumption that Y has calibre (ω1, n) in compact X). If we
are willing to forego first countability, we have such a pair.
Example 10. For any given n ∈ ω \ {0,1}, there is a pair (X,Y ) such that X is compact
Hausdorff, Y has calibre (ω1,ω1, n) in X, but fails to have calibre (ω1, n+ 1) in X.
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Proof. Let X = [ω1]n, and Y = [ω1]1 ⊆X. For each S ∈X, let NS = {T ∈X: S ⊆ T }.
A basic open set U about S ∈X is given by U =NS \⋃mi=1NTi(S), where S ⊂ Ti(S), S =
Ti(S) for each i ∈ {1, . . . ,m}, where m ∈ ω.
X is compact Hausdorff. Let S1, S2 ∈X, S1 = S2. If |S1∪S2|> n, then NS1 ∩NS2 = ∅. If
one of S1, S2 is contained in the other, S1 ⊆ S2 say, then (NS1 \NS2)∩NS2 = ∅. Otherwise
we have (NS1 \NS1∪S2)∩ (NSs \NS1∪S2)= ∅. Thus X is Hausdorff. Given any open cover
for X, by beginning with an open set containing {∅} and proceeding by a finite induction,
we can obtain a finite subcover, demonstrating that X is compact.
Y has calibre (ω1,ω1, n) in X. Let U be an uncountable family of open sets in X,
each meeting Y . Shrinking these sets if necessary, we may assume that U = {N{α} \⋃mα
i=1 NTi({α}): α ∈ Λ1}, where Λ1 is an uncountable subset of ω1. For each α ∈ Λ1,
let Rα = ⋃mαi=1 Ti({α}), a finite subset of ω1 containing α. By the ∆-system lemma,
there is an uncountable subset Λ2 ⊆ Λ1 such that {Rα : α ∈Λ2} forms a ∆-system, with
root Γ , say. Let Λ3 = Λ2 \ Γ . Consider {N{α} \⋃mαi=1 NTi({α}): α ∈ Λ3} ⊆ U . For any
{α1, . . . , αn} ⊆Λ3, we claim that {α1, . . . , αn} ∈⋂nj=1(N{αj } \⋃mαji=1 NTi({αj })). Otherwise
there is some k ∈ {1, . . . , n} such that {α1, . . . , αn} /∈ N{αk} \
⋃mαk
i=1 NTi({αk}). So for some
i ∈ {1, . . . ,mαk } we have {α1, . . . , αn} ∈ NTi({αk}). Thus for some l = k, it follows that
αl ∈ Ti({αk})⊆Rαk . But then αl ∈ Rαk ∩Rαl = Γ , contradicting αl ∈Λ3 =Λ2 \ Γ .
Y does not have calibre (ω1, n+1) in X. The collection {N{α}: α ∈ ω1} is an uncountable
point-n family of open sets in X, each of which meets Y . ✷
If we do not require compactness, we can improve on Example 9 with the following:
Example 11. For any given n ∈ ω \ {0,1}, there is a pair (X,Y ) such that X is a zero-di-
mensional Moore space, Y has calibre (ω1,ω1, n) in X, but fails to have calibre (ω1, n+ 1)
in X.
Proof. Put X = Rn and Y = ∆ = {(x, . . . , x): x ∈ R}. Topologise X so that points of
X \ Y are isolated and the mth neighbourhood of (x, . . . , x) ∈ Y is Vx,m, where
Wx =
{
(x1, . . . , xn) ∈Rn: xi = x for some i ∈ {1, . . . , n}
}
,
Bx,m =
{
(x1, . . . , xn) ∈Rn: |xi − x|< 2−m for all i ∈ {1, . . . , n}
}
,
Vx,m =Wx ∩Bx,m.
With this topology, X is a zero-dimensional Moore space.
Y has calibre (ω1,ω1, n) in X. Let U be an uncountable collection of open sets in X,
each of which meets Y . As above, we may assume that U has the form {Vxα,nα : α ∈ ω1},
and by the pigeonhole principle we may choose m ∈ ω, an interval I ⊆ R of length 2−m
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and an uncountable Λ⊆ ω1 such that, for each α ∈Λ, nα =m and xα ∈ I . But then, for
any α1, . . . , αn ∈Λ,
(xα1, . . . , xαn) ∈
n⋂
i=1
Vxαi ,n,
as required.
Y does not have calibre (ω1, n+ 1) in X. The collection {Vx,0: x ∈R} is an uncountable
point-n collection of open sets in X, each of which meets Y . ✷
The following proposition and example examine the relative case of Proposition 7 and
Theorem 8 above.
Proposition 12. Suppose (X,Y ) is a pair such that X is compact Hausdorff and Y has
precalibre ω1 in X. Then Y has calibre ω1 in X.
Proof. Let U = {Uα: α ∈ ω1} be an uncountable collection of non-empty open sets in X,
each of which meets Y . For each α ∈ ω1, choose yα ∈Uα ∩ Y , and then by regularity of X
there is a Vα non-empty open in X such that yα ∈ Vα ⊆ Vα ⊆Uα .
Since Y has precalibre ω1 in X, there is an uncountable Λ⊆ ω1 such that {Vα: α ∈Λ}
has the finite intersection property. Thus {Vα: α ∈ Λ} is a family of closed sets (in a
compact space) with the finite intersection property, and so ⋂{Vα: α ∈Λ} = ∅. It follows
that
⋂{Uα: α ∈Λ} = ∅. Hence Y has calibre ω1 in X, as required. ✷
This lemma is to be contrasted with the following example, where the assumption of X
compact is weakened to Y being compact in X. The original construction of the following
example is due to Bell [3].
Example 13. There is a pair (X,Y ) such that X is Hausdorff, first countable, has precalibre
ω1 (so Y has precalibre ω1 in X), Y is compact (so is compact in X) but Y does not have
calibre (ω1,ω) in X (and so fails to have calibre ω1 in X).
Proof. For any T1 space W , let C[W ] be the space of all non-empty closed subsets of W ,
endowed with the Pixley–Roy topology. Let F [W ] denote the subspace ofC[W ] consisting
of all finite subsets of W .
Now let W = {0,1}ω be the Cantor cube of weight ω. Let F(W) be the collection of all
non-empty finite subsets of W and let F∗(W)= F(W) ∪ {∅}. The collection of all clopen
subsets of W is denoted by B and is a base for the topology on W . Denote the collection
of all finite subsets of B by B∗.
IfO ∈ B∗, then define 〈O〉 = {F ∈F∗(W): F ⊆⋃O and for each O ∈O,F ∩O = ∅}.
Note that ∅ ∈ 〈O〉 iff O = ∅. If F ∈ F∗(W) and O ∈ B, then define [F,O] = {G ∈
F∗(W): F ⊆G⊆O}.
We now define the space X. Let
X = {(F,G): F ∈F∗(W),G ∈F∗(W) and F ∩G= ∅}.
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A basic neighbourhood of (F,G) has the form V [(F,G),O] = {(H,K): H ∪ K ∈
〈O〉 and K ∈ [G,(⋃O) \ F ]} where O ∈ B∗ and F ∪G ∈ 〈O〉. Note that the point (∅,∅)
is the only isolated point in X.
Since the finite subsets of W have countable neighbourhood bases, it follows that
X is first countable. Since each point in X is the intersection of its clopen basic open
neighbourhoods,X is T1 (and so Hausdorff).
Consider the following two subspaces of X:
P = {(∅,G): G ∈F(W)},
Y = {(F,G): |F | + |G| = 1}.
Note that as subspaces of X, P is homeomorphic to F [W ] and Y is homeomorphic to the
Alexandroff duplicate of W . Thus since W is compact, so is Y .
X has precalibre ω1. It has been shown by van Douwen [10] that for any T1 space Z,
d(βF [Z])= nw(Z). SinceW has a countable network, it follows that βF [W ] is separable.
Since W is T1, F [W ] is Tychonoff, and it then follows that F [W ] has precalibre ω1. Since
P ∪ {(∅,∅)} is dense in X, it follows that X has precalibre ω1.
Y does not have calibre (ω1,ω) in X. Let {xα: α ∈ ω1} be an uncountable subset of W .
Then {V [(∅, {xα}),X]: α ∈ ω1} is an uncountable family of open sets in X, each of which
meets Y . Let Λ be any infinite subset of ω1. Suppose (F,G) ∈⋂α∈Λ{V [(∅, {xα}),X]}.
Then for each α ∈Λ, xα ∈G, and so G is not finite, a contradiction. ✷
Let d denote the standard Euclidean metric onR. For any x, y ∈R, an equivalent metric
is given by d1(x, y)=min{1, d(x, y)}. A metric dω on Rω is given by
dω
(
(xn), (yn)
)=
∞∑
n=0
d1(xn, yn)
2n+1
where (xn), (yn) ∈Rω . This metric generates the usual Tychonoff product topology onRω .
For m ∈ ω and (xn) ∈Rω , let Bm((xn)) denote the 2−m-ball about (xn) with respect to this
metric.
The condition of Y having precalibre ω1 in X can be strengthened to Y having calibre
(ω1,ω1,ω) in X, as in the following example, where Y still fails to have calibre ω1 in X.
Example 14. There is a pair (X,Y ) such that X is Hausdorff, first countable, Y is compact
and Y has calibre (ω1,ω1,ω) in X, but Y does not have calibre ω1 in X.
Proof. Let K = {xα: α ∈ ω1} be an uncountable subset of I = [0,1]. Let Z = Kω and
∆= {(xn) ∈ Z: xn = xn+1 for all n ∈ ω}. For α ∈ ω1, let
Wα =
{
(xβn) ∈Z: βi = α for some i ∈ ω
}
.
Let S =Z×ω. Consider X = I ⊕Z⊕ S, and topologise this set as follows.
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Let all the points of S and Z \ ∆ be isolated. For α ∈ ω1, let the nth basic open
neighbourhood about (xα) ∈∆∩Z be given by
Un(xα)=
{
(xα)
}⊕ ⋃
mn
({
B ′m((xα))∩Wα
}× {m}).
Let the nth basic open neighbourhood about x ∈ I be given by
Vn(x)= Bn(x)⊕
⋃
xα∈Bn(x)\{x}
Um(n,x,α)(xα)
where Bn(x) is the usual 2−n-ball about x in I , and m=m(n,x,α) is minimal such that
both Bm((xα))⊆ Bn((x)) \ {(x)} and 2−m < 12d((x), (xα)).
This gives a first countable topology onX. Claim that it is also Hausdorff. The only non-
trivial case to consider is when x ∈ I is also such that x ∈K; x = xα say. We will show that
in this case we have V0(x) ∩U0(xα)= ∅. Otherwise we must have some xβ ∈ B0(x) and
some (z, n) ∈U0(xα)∩Um(0,x,β)(xβ). But then z ∈ Bn((xα))∩Bn((xβ)), contradicting the
fact that since nm(0, x,β) we have 2−n < 12d((xα), (xβ)).
Now let Y = I ⊕∆. Since Y is homeomorphic to a closed subspace of the Alexandroff
duplicate, it is compact (in itself).
Y has calibre (ω1,ω1,ω) in X. Let U be an uncountable family of open sets in X, each
of which meet Y . Shrinking these sets if necessary, and using the pigeonhole principle,
we may assume that U is of the form {Um(xα): α ∈ A1} for some fixed m ∈ ω and
some uncountable A1 ⊆ ω1. Again, by the pigeonhole principle, we may form U ′ =
{Um(xα): α ∈ A2} ⊆ U , where A2 ⊆ A3 is uncountable and {xα: α ∈ A2} is a subset
of some interval of I of length 1/m. Let C = {αn: n ∈ ω} be any countable subset
of A2. Then it follows that {(xαn),m} ∈ ({
⋂
αn∈C Bm((xαn))} ∩ {
⋂
αn∈C Wαn}) × {m} ⊆⋂
αn∈C Um(xαn).
Y does not have calibre ω1 in X. Now consider the family U = {U1(xα): α ∈ ω1}. Then
U is an uncountable point-countable family of open sets in X, each of which meets Y . ✷
Finally, we consider the effect of metrisability.
Proposition 15. If Y is metrisable in X and Y is ccc in X then Y is second countable in X
and hence separable in X.
Proof. Let d be a metric on X which generates the topology on Y . For each n ∈ ω choose
a maximal subset An of Y such that if x, y ∈An with x = y then d(x, y) 2−n. Let y ∈ Y ,
U open in X with y ∈ U . Choose n large enough so that Bn(y) = {x ∈ X: d(x, y) <
2−n} ⊆ U . By maximality of An+1 there is some z ∈ An+1 with d(y, z) < 2−(n+1). But
then y ∈ Bn+1(z)⊆ Bn(y)⊆U . Thus
B = {Bn(z): n ∈ ω, z ∈An}
is a countable basis for Y in X, as required. ✷
Note that in the above result, it is not enough for Y to be a metrisable subspace of X.
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Example 16. There is a pair (X,Y ) such that Y is metrisable, X is ccc (so Y is ccc in X)
but Y does not have calibre (ω1,ω) in X (so Y is not second countable or even separable
in X).
Proof. Take X = F ∗[R], the set of all finite non-empty subsets of R, with the Pixley–
Roy topology, in other words the topology in which a basic open set is [a,U ] = {b ∈
F ∗[R]: a ⊆ b ⊆U} for a ∈ F ∗[R] and U open in R. This is a ccc space [10].
Let Y = {{x}: x ∈ R}. Then Y is discrete, hence metrisable. However, the collection
{[{x},R]: x ∈R} is an uncountable point-finite collection of open sets in X, each of which
meets Y , so Y does not have calibre (ω1,ω) in X. ✷
Proposition 17. Let (X,Y ) be a pair such that Y is weakly developable in X and Lindelöf
in X. Then Y is second countable in X.
Proof. Let {Gn: n ∈ ω} be a weak development for Y in X. For each n, Gn is an open
cover of X, so we can find a countable subcover {Gn,k: k ∈ ω} of Y . But then if y ∈ Y and
y ∈ U with U open in X, then there exist n, k ∈ ω with y ∈Gn,k ⊆ st(y,Gn) ⊆ U . Thus
B = {Gn,k: n, k ∈ ω} is a countable basis for Y in X, as required. ✷
3. Productivity of relative calibres
In this section we consider the relative version of the following results:
Theorem 18. It is consistent and independent that there exists a ccc space X such that X2
is not ccc.
Theorem 19 (Todorcˇevic´ [8]). There exists a zero-dimensional Moore space X such that
X has calibre (ω1,ω) but X2 does not have calibre (ω1,ω).
In contrast to Theorem 18, we give a ZFC example of a pair (X,Y ) such that Y is ccc
in X but Y 2 is not ccc in X2. Indeed, our example will have stronger properties: X is first
countable and Y is compact and has calibre (ω1,ω) in X. We can also modify this example
to make X a zero-dimensional Moore space, and Y to have calibre (ω1,ω) in X. Thus this
example is a stronger relative version of Todorcevic’s result. We cannot have both of these
together: if X is a developable space and Y is Lindelöf in X then Y is second countable in
X and therefore Y 2 is second countable and hence separable in X2.
In the following we aim to construct a pair (X,Y ) such that Y has calibre (ω1,ω) in X
but Y 2 is not ccc in X2. Note that if we have pairs (Xi, Yi), for i =±1, such that Yi has
calibre (ω1,ω) inXi but Y+1×Y−1 is not relatively ccc in X+1×X−1, then Y = Y+1⊕Y−1
and X =X+1 ⊕X−1 are as required.
Lemma 20. Let {xα: α ∈ ω1} be a subset of the reals. Then there is a sequence {αn: n ∈ ω}
such that αn < αn+1 and xαn < xαn+1 for all n ∈ ω.
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Proof. For α ∈ ω1, define xα to be a problem point if for all β > α it is the case that
xβ < xα . Let Γ denote the set of problem points. Note that if α < β , where α,β ∈ Γ , it
follows that xβ < xα . Thus Γ must be countable, for otherwise we would have an order-
reversing map of an uncountable well-ordered set into the reals (with their usual order),
which is impossible.
Let α0 = sup{α ∈ ω1: xα ∈ Γ } + 1. By construction xα0 is not a problem point, and so
there is an α1 > α0 such that xα0 < xα1 . Since α2 > sup{α ∈ ω1: xα ∈ Γ }, xα2 is also not a
problem point. It follows that we may inductively form the sequence {αn: n ∈ ω} satisfying
the required properties. ✷
Note that given {xα: α ∈ ω1} ⊆R, we may similarly form a sequence {xα: α ∈ ω} such
that αn < αn+1 and xαn > xαn+1 for all n ∈ ω.
Example 21. There is a pair (X,Y ) such that X is Hausdorff and first countable, Y is
compact and Y has calibre (ω1,ω) in X, but Y 2 is not ccc in X2.
Proof. Let K = {xα: α ∈ ω1} ⊆ I = [0,1], where xα = xβ for α = β . Let Z = Kω and
∆= {(xn) ∈ Z: xn = xn+1 for all n ∈ ω}. For α < ω1, let
Wα =
{
(xβn): βn  βn+1 for each n ∈ ω, βi = α for some i ∈ ω
}
.
Let I+1 and I−1 denote copies of the unit interval, and let H+1 = {(xn) ∈ Z: xn 
xn+1 for all n ∈ ω} and H−1 = {(xn) ∈ Z: xn  xn+1 for all n ∈ ω}, where  here denotes
the usual ordering on the reals. For i ∈ ±1, let Vi = ∆ ⊆Hi , and define Xi = Ii ⊕ Vi ⊕
(Hi ×ω).
We topologise Xi as follows. Points of Hi × ω are isolated. The mth basic open
neighbourhood of (xα) ∈ Vi is given by
Uiα,m =
{
(xα)
}⊕⋃
lm
({
Hi ∩Wα ∩Bl((xα))
}× {l}).
The nth basic open neighbourhood of x ∈ Ii is given by
Vn(x)= Bn(x)⊕
⋃
xβ∈Bn(x)\{x}
Uiβ,m(n,x,β),
where Bn(x) is the usual 2−n-ball about x in I , and m=m(n,x,β) is minimal such that
both Bm((xβ))⊆ Bn((x)) \ {(x)} and 2−m < 12d((x), (xβ)).
This yields a first countable topology on X. We claim it is also Hausdorff. The only non-
trivial case to consider is when x ∈ I is also such that x ∈ K; x = xα , say. We will show
that in this case we have V0(x)∩Uiα,0 = ∅. Otherwise, we must have some xβ ∈B0(x) and
some ((xn), k) ∈ Uiβ(o,x,β) ∩Uiα,0. But then (xn) ∈ Bk((xα))∩ Bk((xβ)), contradicting the
fact that since k m(0, x,β) we have 2−k < 12d((xα), (xβ)).
Now for i ∈ {±1}, let Yi = Ii ⊕ Vi . Since Yi is homeomorphic to a closed subspace of
the Alexandroff duplicate, it is compact.
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Yi has calibre (ω1,ω) in Xi . Let i = +1. Let U be an uncountable family of open
sets in X+1, each meeting Y+1. Shrinking these sets if necessary, we may assume that
U = {U+1α,mα : α ∈ A1}, where A1 ⊆ ω1 is uncountable and mα ∈ ω for each α ∈ A1. By
applying the pigeonhole principle twice we can find a fixed m ∈ ω and an interval J ⊆ I of
length 2−m such that mα =m and xα ∈ J for each α ∈A2 ⊆A1, where A2 is uncountable.
By Lemma 20, there is a sequence A3 = {αn: n ∈ ω} ⊆ A2 such that αn < αn+1 and
xαn < xαn+1 for all n ∈ ω. Then
(xαn) ∈H+1 ∩
( ⋂
α∈A3
Wα
)
∩
( ⋂
α∈A3
Bm((xα))
)
and so(
(xαn),m
) ∈ ⋂
α∈A3
{
H+1 ∩Wα ∩Bm((xα))
}× {m} ⊆⋂{U+1α,m: α ∈A3}.
Thus Y+1 has calibre (ω1,ω) in X+1, and similarly Y−1 has calibre (ω1,ω) in X−1.
Y+1 × Y−1 is not ccc in X+1 × X−1. Let α,β ∈ ω1 with α < β . Then Wα ∩ Wβ can
meet only one of H+1, H−1 (since xα < xβ or xβ < xα). Thus, since Uiα,0 ∩ Uiβ,0 ⊆
Vi ⊕ ((Hi ∩Wα ∩Wβ)×ω) for i ∈ {±1}, we have(
U+1α,0 ∩U+1β,0
)× (U−1α,0 ∩U−1β,0)= ∅,
in other words(
U+1α,0 ×U−1α,0
)∩ (U+1β,0 ×U−1β,0)= ∅.
Thus {U+1α,0 × U−1α,0: α ∈ ω1} is an uncountable, pairwise disjoint family of open sets in
X+1 ×X−1, each meeting Y+1 × Y−1, as required. ✷
In the following, we modify the above example to make X a zero-dimensional Moore
space, losing the compactness of Y .
Example 22. There is a pair (X,Y ) such that X is a zero-dimensional Moore space (hence
Hausdorff and first countable), and Y has calibre (ω1,ω) in X, but Y 2 is not ccc in X2.
Proof. Let K , Z, Wα , Hi , and Vi (for i ∈ {±1}) be as in the previous example, and now
define Xi =Hi and Yi =∆. We topologise Xi as follows. Points of Hi \ Vi are isolated,
and the mth basic open neighbourhood of (xα) is given by Uiα,m =Hi ∩ Wα ∩ Bn((xα)).
This gives a zero-dimensional Hausdorff topology on Xi . Furthermore, this topology is
developable: to see this, note that it is enough to show that if (xn) ∈ Xi \∆ then there is
some m such that (xn) /∈ Bm((xα)) for all α ∈ ω1. Now, since (xn) /∈ ∆, there is some k
with xk = xk+1. Put ε = d1(xk, xk + 1), and choose m so that 2−m < 2−(k+3)ε. Then, for
any α we have d1(xα, xk) ε/2 or d1(xα, xk+1) ε/2 (or both). Either way,
d1(xα, xk)
2k+1
+ d1(xα, xk+1)
2k+2
 2−(k+3)ε > 2−m,
so (xn) /∈Bm((xα)).
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Similarly to the previous example Yi has calibre (ω1,ω) in Xi , but Y+1 ×Y−1 is not ccc
in X+1 ×X−1. Thus X =X+1 ⊕X−1 and Y = Y+1 ⊕ Y−1 are as required. ✷
Note that we cannot have both X a Moore space and Y Lindelöf, by Proposition 17. If
X is developable then Y is developable in X, and if Y is Lindelöf then Y is Lindelöf in X,
so Y is second countable in X, and therefore Y 2 is second countable in X2.
The question remains open as to whether or not there is an example in ZFC of a pair
(X,Y ) such that X is Hausdorff, first countable, compact, Y is ccc in X but Y 2 is not ccc
in X2. Note that under CH there is a first countable compact Hausdorff ccc space whose
square is not ccc (see [9]).
We conclude this section with the observation that the following result follows
immediately as in the absolute case:
Proposition 23. Let κ be a regular cardinal, κ > ω. Then relative calibre (κ, κ,λ) is
productive.
4. Relative calibres and separability
In this section we investigate the relative version of the following results.
Theorem 24 (Efimov–Tall [7]). It is consistent (CH) and independent (MA +¬CH) that
first countable Hausdorff spaces with calibre ω1 are separable.
Theorem 25 (Shapirovskiı˘ [5]). Every compact Hausdorff first countable space with
calibre ω1 is separable.
In contrast with Theorem 24, we show that in ZFC there is a pair (X,Y ) such that X
is first countable and Hausdorff, and Y has calibre ω1 in X, but Y is not separable in X.
Moreover, in our example the subspace Y is compact—compare this with Theorem 25
above. However, the relative version of Theorem 25 holds if we require X to be compact.
Example 26. There is a pair (X,Y ) such that X is first countable, Hausdorff and Y is
compact and Y has calibre ω1 in X, but Y is not separable in X.
Proof. First note the following facts about non-stationary (NS) subsets of ω1: a countable
union of NS sets is NS, ω1 is not NS, and every uncountable subset (M say) of ω1 contains
an uncountable NS subset (consider N , the set of all elements of M which are isolated
in M).
LetZ = {zα : α ∈ ω1} be an uncountable subset of I = [0,1]. LetBn(zα) be the standard
2−n-ball about zα in I . Let S = {S ∈ [ω1]ω1 : S is NS}.
Fix some S ∈ S . For any n ∈ ω, the collection {Bn(zα): α ∈ S} is an uncountable
family of Euclidean open sets. Hence, for each n, there is an uncountable Sn ⊆ S such
that
⋂
α∈Sn Bn(zα) = ∅.
Let W = S ×ω, and let X= I ⊕Z⊕W .
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Topologise X as follows. All points of W are isolated. The nth basic neighbourhood of
zα ∈ Z in Z⊕W is given by:
Un(zα)= {zα} ⊕
{
(S,m): nm and α ∈ Sm
}
.
The nth neighbourhood of x ∈ I is given by:
Vn(x)= Bn(x)⊕
⋃
zα∈Bn(x)\{x}
Um(n,x,α)(zα)
where m = m(n,x,α) is minimal such that both Bm(zα) ⊆ Bn(x) \ {x} and 2−m <
1
2d(x, zα).
Clearly this yields a first countable topology on X. We claim it is also Hausdorff. The
only non-trivial case to consider is when x ∈ I is also such that x ∈ Z — x = zα , say. We
will show that in this case we have V0(x) ∩ U0(zα) = ∅. Otherwise, we must have some
zβ ∈ B0(x) and some (S,m) ∈ Um(0,x,β)(zβ) ∩ U0(zα). But then Bm(zβ) ∩ Bm(zα) = ∅,
contradicting the fact that since mm(0, x,β) we have 2−m < 12d(zα, zβ).
Let Y = I ⊕ Z. Then Y is homeomorphic to a closed subspace of the Alexandroff
duplicate of I , and so is compact (in itself).
Y has calibre ω1 in X. It suffices to show that every uncountable family of basic
open neighbourhoods of elements of Z has an uncountable subcollection with non-empty
intersection. By the pigeonhole principle we may assume all the neighbourhoods are
nth basic neighbourhoods (for some fixed n). By our preliminary remark that every
uncountable subset of ω1 contains an uncountable NS subset, we may further suppose
that we have a collection of the form {Un(zα): α ∈ S} for some S ∈ S . But now Sn is an
uncountable subcollection of S and (S,n) has been explicitly placed into
⋂
α∈Sn Un(zα).
Y is not separable in X. Take any countable subset C = {cn: n ∈ ω} of X. For each
n ∈ ω, write Tn for {α: cn ∈ Um(zα) for some m}.
If cn ∈ Z, then Tn is a single element and so certainly NS.
If cn = (S, r) for some S ∈ S and r ∈ ω, then cn ∈ Um(zα) implies α ∈ Sr ⊆ S, thus Tn
is contained in S, and again must be NS (S is NS by definition of S).
If cn ∈ I , then Tn is empty.
Therefore, all the Tn’s are NS, and their union cannot be ω1. In particular, the closure
of C cannot contain all of Z ⊆ Y . ✷
We will now show that we cannot strengthen this example to make X compact. First we
will consider the relative version of Tall’s result in [6] that if |X| = d(X)= κ then cf (κ) is
not a calibre of X (and in particular if |X| = ω1 and X has calibre ω1 then X is separable).
Lemma 27. Suppose (X,Y ) is a pair such that |X| = κ and Y has calibre κ in X. Then
d(Y,X) < κ .
Proof. Let X = {xα: α < κ}. Let Cα = {xβ : β  α}X . Suppose, for a contradiction, that
d(Y,X)  κ . Then for each α < κ , Uα = X \ Cα is an X-open set meeting Y . Letting
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U = {Uα : α < κ}, we have a point-<κ family of X-open sets all meeting Y , with
cardinality κ . This contradicts the assumption that Y has calibre κ in X. ✷
Note that this lemma above can be easily strengthened to the following:
Lemma 28. Let |X| = κ , and suppose Y has calibre cf(κ) in X. Then d(X,Y ) < κ .
If Y is a dense subset of X, then the following result holds:
Lemma 29. Suppose (X,Y ) is a pair such that t (X)= κ , Y is dense in X, |Y | = κ+, and
Y has calibre κ+ in X. Then d(Y,X) κ .
Proof. Suppose, for a contradiction, that d(Y,X) > κ . Let Y = {yα: α ∈ κ+}. For each
α ∈ κ+, let Uα =X \ {yβ : β < α}X, a non-empty open set in X which meets Y .
Now U = {Uα: α ∈ κ+} is a point-κ family in X: Let x ∈ X. Since t (X) = κ and Y
is dense in X, there is a subset D of Y , where |D| = κ , whose closure contains x . Now
D ⊆ {yβ : β < γ } for some γ ∈ κ+, and so D ∩Uα = ∅ implies α < γ .
Thus U is a point-κ family of non-empty open sets in X, each of which meets Y , of
cardinality κ+. Hence Y cannot have calibre κ+ in X, a contradiction. So d(Y,X) κ , as
required. ✷
Note the following corollary of the above result: Suppose (X,Y ) is a pair such that X is
first countable, Y is dense in X, |Y | = ω1, and Y has calibre ω1 in X. Then Y is separable
in X.
Lemma 30. If Y ⊆ F , where F is closed in X, then d(Y,X) d(F ).
Using this lemma, the following proposition gives a relative version of Theorem 25.
Proposition 31. Let X be compact Hausdorff, where the regular cardinal κ is a precalibre
for Y in X, and t (X) < κ . Then d(Y,X) < κ .
Proof. Suppose d(Y,X) κ . Take an arbitrary point x ∈X and a non-empty open subset
U of X meeting Y such that x /∈ U ; let F0 = {x} and U0 = U . Assume that for every
α < α′ < κ we have already determined a closed set Fα ⊆ X and a non-empty open set
Uα , meeting Y , such that:
(1) d(Fα) < κ .
(2) Fα ∩Uα = ∅ and Fα ⊆ Fβ for α < β < κ ; and
(3) if⋂K = ∅ for a finite familyK= {Uα1, . . . ,Uαk }, and max{α1, . . . , αk}+1= β < α′,
then Fβ ∩⋂K = ∅.
Let Jα′ = {Uα : α < α′}, and define ∧Jα′ = {⋂A: A ⊆ Jα′, |A| finite}. Fix a point
xG ∈G for every non-empty G ∈∧Jα′ , and form the set Sα′ = {xG: G ∈∧Jα′ ,G = ∅}.
Note |Sα′ | |∧Jα′ | = |Jα′ | = |α′|< κ .
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Now κ is a regular cardinal, and so it follows from (1) that d(⋃{Fα : α < α′}) <
κ). Setting Fα′ = ⋃{Fα : α < α′} ∪ Sα′ , we have that d(Fα′) < κ . But by assumption
d(Y,X)  κ , and so by the lemma above it follows that Y \ Fα′ = ∅. Thus there exists
a non-empty open subset V of X, meeting Y , for which Fα′ ∩ V = ∅. Let Uα′ = V . Note
condition (3) is satisfied by the choice of the set Sα′ . This completes the construction of
the family F = {Fα : α < κ} of closed sets and the family I = {Uα: α < κ} of open sets
(each meeting Y ) satisfying conditions (1)–(3) above.
Since Y has precalibre κ in X, there is a family I ′ ⊆ I with the following properties:
(a) I ′ is a family with the finite intersection property; and
(b) |I ′| = κ .
But the existence of such a family leads to a contradiction. Since t (X) < κ = cf(κ) and
F is an increasing family of closed subsets of X, it follows that F =⋃{Fα : α < κ} is
closed in X. It thus follows from the compactness of X and conditions (a) and (3) that
F ∩⋂{U : U ∈ I ′} = ∅. But by (b), for every α < κ there exists a Uβ ∈ I ′ such that β > α
and consequently, by (2), Fα ∩Uβ = ∅; therefore F ∩⋂{U : U ∈ I ′} = ∅, a contradiction.
Thus d(Y,X) < κ , as required. ✷
Corollary 32. If X is compact, Hausdorff, first countable, and Y has calibre ω1 in X, then
Y is separable in X.
5. Relative calibres and cardinality
In this section we consider relative versions of the following two results.
Theorem 33 (Hajnal–Juhász). First countable, Hausdorff, ccc spaces have size  2ℵ0 .
Theorem 34 [4]. Suppose χ(X) = κ and d(X) > κ . Then there is a Z ⊆ X such that
|Z| = d(Z)= κ+ and c(Z) c(X).
The relative version of Theorem 33 was proved in [2]. We will give an alternative proof.
We would like to prove a relative version of Theorem 34, along the lines of “If χ(Y,X)= κ
and d(Y,X) > κ then there is a Z ⊆X with |Z| = d(Y,Z)= κ+ and c(Y,Z) c(Y,X)”.
Of course, for such a Z to exist containing Y , we must have |Y | κ+.
Theorem 35. Suppose Y is Hausdorff in X, χ(Y,X) = ω, c(Y,X)= ω and d(Y,X) > ω.
Then there is a Z with Y ⊆Z ⊆X such that |Z| c, c(Y,Z)= ω and d(Y,Z) > ω.
Proof. For each y ∈ Y let {Bn(y): n ∈ ω} be a decreasing local basis at y in X, and let f
be the function (n, y) →Bn(y) for n ∈ ω, y ∈ Y .
Let M be an elementary submodel of V with X,Y,f ∈M , [M]ω ⊆M and |M| = c. We
will prove first that Y ⊆M . Suppose, for a contradiction, that there is some x ∈ Y \M .
For each y ∈ Y ∩M , there is some ny ∈ ω with Bny (x) ∩ Bny (y) = ∅. For n ∈ ω, put
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Yn = {y ∈ Y ∩M: ny = n}, and let Gn be a maximal disjoint subfamily of {Bm(y): y ∈
Yn,m n}. Notice that if y ∈ Yn and m ∈ ω then f,m,y ∈M so f (m,y)= Bm(y) ∈M .
Thus Gn ⊆M . Moreover, since c(Y,X) = ω, Gn must be countable. Thus Gn ∈M , and
hence so is Gn =⋃Gn. Now, if y ∈ Yn then, by maximality of Gn, for every m  n we
have Bm(y) ∩Gn = ∅, so y ∈ Gn . Thus Yn ⊆ Gn . Now, each Gn ∈M , so Gn ∈M , so
{Gn : n ∈ ω} ∈M , so H =⋃n∈ω Gn ∈M . Also, for every y ∈ Y ∩M we have y ∈ Yn for
some n, so y ∈ Gn , so y ∈ H . Thus M |= (∀y ∈ Y )(y ∈ H), so V |= (∀y ∈ Y )(y ∈ H).
In particular, x ∈ H , so x ∈ Gn for some n. But, by construction Bn(x) ∩Gn = ∅. This
contradiction shows that there is no such x , in other words Y ⊆M .
Now put Z = X ∩M . We certainly have Y ⊆ Z ⊆ X, and so d(Y,Z)  d(Y,X) > ω,
and that |Z|  |M| = c. It remains only to show that c(Y,Z) = ω. So let U be an
uncountable family of open sets in Z, each meeting Y . Shrinking if necessary we may
assume that U has the form {Bmy (y)∩Z: y ∈ I }. Then since c(Y,X)= ω, {Bmy (y): y ∈ I }
is not cellular in X. So there exist x, y ∈ I with x = y and Bmx (x) ∩ Bmy (y) = ∅. Then,
since x, y,mx,my,f ∈ M , Bmx (x),Bmy (y) ∈ M . Now V |= Bmx (x) ∩ Bmy (y) = ∅, so
M |= Bmx (x)∩Bmy (y) = ∅, so there is some z ∈ Z with z ∈Bmy (y)∩Bmx (x). Thus U is
not a cellular family in Z, as required.
By hypothesis, there is no z ∈ Z with z ∈Bmx (x)∩Bmy (y), soM |= Bmx (x)∩Bmy (y)=
∅, so V |= Bmx (x) ∩ Bmy (y)= ∅. Thus {Bmy (y): y ∈ I } is cellular, hence I is countable,
as required. ✷
Corollary 36. If Y is Hausdorff, first countable and ccc in X then |Y | c.
If we know that Y has cardinality ω1, we can improve our estimate of the size of Z in
Theorem 35 from c to ω1.
Theorem 37. Suppose χ(Y,X) = κ , |Y | = κ+ and d(Y,X) > κ (so d(Y,X) = κ+). Then
there is a Z with Y ⊆Z ⊆X such that |Z| = d(Y,Z)= κ+ and c(Y,Z) c(Y,X).
Proof. For y ∈ Y let {Bα(y): α ∈ κ} be a local basis at y in X, and let f be the function
with f (α, y)= Bα(y) for α ∈ κ , y ∈ Y .
LetM be an elementary submodel of V withX,Y,f, κ ∈M , κ ⊆M and |M| = κ+, such
that M is κ-covering, in other words if A ⊆M with |A| κ then there is a B ∈M with
|B| κ and A⊆ B . Note that if A ∈M with |A| κ then A⊆M (by the same argument
that every countable element of an elementary submodel is a subset). This implies that
κ+ ⊆M: otherwise, we would have κ+∩M = λ, where λ=min(κ+ \M). Then λ⊆ B for
some B ∈M with |B| = κ . Now κ ∈M , so κ+ ∈M and B ∈M , so α = sup(κ+ ∩B) ∈M .
But then |α + 1| = κ and α + 1 ∈M so α + 1⊆M , so λ ∈M , a contradiction.
Since κ+ ∈M and Y ∈M with |Y | = κ+, Y ⊆M . So we may put Z = X ∩M and
we have Y ⊆ Z ⊆ X and |Z| = κ+. We also have d(Y,Z)  d(Y,X), so d(Y,Z) = κ+.
It remains only to show that c(Y,Z) = κ . So let U be a family of more than c(Y,X)
open sets in Z, each of which meets Y . As before, we may assume that U has the form
{Bαy (y) ∩ Z: y ∈ I }. Then {Bαy (y): y ∈ I } is not a cellular family in X, so there exist
distinct x, y ∈ I with Bαx (x) ∩Bαy (y) = ∅. Again, there must be a point in Z witnessing
this, so U is not a cellular family in Z. ✷
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